In this article we generalize the concept of Bdzier curves to curved spaces, and illustrate this generalization with an application in kinematics. We show how De Casteljau's algorithm for constructing Bezier curves can be extended in a natural way to Riemannian manifolds. We then consider a special class of Riemannian manifold, the Lie groups. Because of their group structure Lie groups admit an elegant, efficient recursive algorithm for constructing Bezier curves. Spatial displacements of a rigid body also form a Lie group, and can therefore be interpolated (in the Bezier sense) using this recursive algorithm. We apply this alogorithm to the kinematic problem of trajectory generation or motion interpolation for a moving rigid body. The orientation trajectory of motions generated in this way have the important property of being invariant with respect to choices of inertial and bodyfixed reference frames. Transactions of the ASME Downloaded From: http://mechanicaldesign.asmedigitalcollection.asme.org/ on 05/01/2013 Terms of Use: http://asme.org/terms
Introduction
One of the cornerstones of geometric design has been the work of P. Bezier on the free-form curve design method that bears his name. Bezier curves are not only flexible and easy to generate, but offer a simple geometric representation of a curve in terms of its control polygon, as well as a firm mathematical foundation based on Bernstein polynomials. In applying the Bezier method to the kinematic problem of trajectory generation or motion interpolation for a moving rigid body, however, the classical geometric design techniques need to be extended to curved spaces. In principle one can obtain a collection of local coordinate charts for a given curved space, and apply existing Euclidean interpolation techniques to these coordinates. The resulting curves, however, will depend on the choice of local coordinates, which clearly leaves something to be desired from both a mathematical as well as an engineering perspective. Another requirement motivated by the moving rigid body problem is that, to the extent possible, the resulting motions should not depend on the choice of inertial or bodyfixed reference frames; in the language of Lie groups this can be phrased as the question of whether a group admits a biinvariant Riemannian metric. Using standard results from Lie theory it can be shown that bi-invariant orientation trajectories can be constructed, but that in general there is no bi-invariant metric for the spatial displacements (see, e.g., Park et al., 1993) .
The goal of this article is to generalize the concept of Bezier curves to curved spaces. The existing theory of B6zier curves has been formulated only for curves in Euclidean space, and only recently have attempts been made at extending Bezier's original construction to particular curved spaces. Shoemake (1985) presents a class of methods for generating curves on rotations that are based on unit quaternion representation. Although unit quaternions have certain well-known advantages over other representations of rotations (e.g., Euler angles), Shoemake's approach is essentially coordinate dependent: the resulting motions are not invariant with respect to choice of inertial and body-fixed frames, and his methods do not adequately address the underlying geometry of the space of rotations (e.g., the 2-1 nature of the unit quaternion representation). In more recent work, Ravani (1991, 1994) have recognized these geometric issues, and formulated rigid body motion interpolation in terms of the image space manifold of kinematic mapping (see e.g., Bottema and Roth, 1979 or Ravani and Roth, 1984) . In particular, the 2-1 ambiguity is resolved by defining an orientation on the space of unit quaternions, and trajectories are constructed in terms of the first fundamental form of the image space with bi-invariant rotation parts. Juettler (1994) has provided a theoretical evaluation of several approaches for motion interpolation and has discussed coordinate frame dependency of some of these approaches.
In this article we formulate a general framework for constructing B6zier curves on Riemannian manifolds, and then focus specifically on a special class of Riemannian manifold, the compact Lie groups. This class covers a wide range of curved spaces that arise frequently in kinematics: for example, the group of proper rotations SO(n) lies at the heart of the rigid-body motion interpolation problem, and the special unitary group SU(2) can also be identified with unit quaternions.
This article is organized as follows. In Section 2 we show how B6zier curves can be generalized to arbitrary Riemannian manifolds, and discuss some of the computational issues. In Section 3 we present a method of constructing Bezier curves on compact Lie groups, based on a generalization of De Casteljau's algorithm. In Section 4 we apply these curve generation techniques to the design of smooth trajectories on the rigidbody motions.
Bezier Curves on Riemannian Manifolds

A Geometric Interpretation of Classical Bezier
Curves. Before laying down the mathematical framework for Riemannian manifolds, it is instructive to review the geometric interpretation of B6zier curves from the perspective of both Bezier's original construction and of De Casteljau's algorithm (1963) , which, incidentally, precedes Bezier's work. Bezier geometrically defines a curve from four ordered vertexes-the polygon formed by these vertexes is called the control polygon-subject to a set of geometric constraints. Specifically, let the ordered vertices be ((0, 0, 0), (1, 0, 0), (1, 0, 1), (1,1, 1)], and let C: [0, 1]-(R' be a curve such that • C(0) = (0, 0, 0) and C(l) = (1, 1, 1).
• The tangent at C(0) is parallel to the x-axis, and the tangent at C(l) is parallel to the j'-axis. • The osculating plane at C(0) is parallel to the x-y plane, and the osculating plane at C(l) is parallel to the y-z plane. The curve satisfying these constraints is given by a cubic polynomial. Reversing the order of the vertexes results in the same curve. It is important to note that the resulting curve is determined entirely from geometric constraints, and that the method of construction can be extended naturally to an arbitrary number of vertexes arranged randomly in Euclidean space. The Bezier curve can also be viewed as an approximation to the control polygon in terms of Bernstein polynomials (as discovered later by R. Forrest, 1972) .
De Casteljau presents another method of constructing a smooth curve given a control polygon, which turns out to be identical to the Bezier curve, but directly exploits the relationship with Berstein polynomials. This algorithm is perhaps best illustrated by Fig. 1 . Specifically, let the ordered set of vertices in (R be given by {po. P\ polynomials . p"], and define the pht)={\-t)pt Utpt where p'i=Pi. The curve given hy p"(t), 0 < t < 1 then corresponds to the Bezier curve. Geometrically De Casteljau's algorithm constructs the curve by successive linear interpolation between the vertexes of the control polygon. That Bezier's original construction and De Casteljau's algorithm are equivalent is remarkable, and can fundamentally be traced to the fact that the curve lies in Euclidean space. The polynomial representation of these curves, which makes them computationally attractive, is also due to the underlying space being Euchdean. In order to generalize these two methods of curve construction to curved spaces one must first generalize the underlying geometric concepts. In the De Casteljau method the concept of linear interpolation between two points in a curved space needs to be defined; this can be readily done on a Riemannian manifold, where the minimal geodesic plays the role of the straight line for curved spaces, and lengths can be measured in terms of the Riemannian metric. Bezier's construction, however, does not seem to generalize in a natural way to the Riemannian setting. Although tangency between curves is well-defined, the notion of an osculating plane relies inherently on the manifold being embedded in some larger ambient Euchdean space, and in general there exist several differnt ways to do this. It is also more desirable to define a Bezier curve in terms of the intrinsic geometry of the manifold, rather than the underlying space in which it lies. For Riemannian manifolds, therefore, the natural way to define Bezier curves is by generalizing De Casteljau's algorithm. Naturally for certain manifolds the minimal geodesic between two points may not always be unique, so that a number of subtleties (addressed below) will arise.
Before proceeding some clarification on what we mean by "geometric" may help justify our emphasis on the so-called "geometric" construction of Bezier curves. In principle any differentiable manifold of dimension n can be locally represented by a set of coordinates (X], . . . , x"). One might therefore be tempted to simply construct Bezier curves in terms of these local coordinates, and regard the corresponding curve on the manifold as the generalized Bezier curve. The flaw with this construction, of course, is that the resulting curves depend on the choice of local coordinates. Any geometric scheme for generalizing Bezier curves must by definition be coordinateinvariant. For compact Lie groups we shall impose an additional requirement of bi-invariance.
Bezier Curves on Riemannian Manifolds.
Clearly the key to generalizing De Casteljau's algorithm to curved spaces is the notion of linear interpolation, or even more fundamentally, lines. On a Riemannian manifold the geodesies (with respect to the given Riemannian metric) play the role of lines. We now formally review these concepts.
Let M be a Riemannian manifold of dimension n, with local coordinates (Xu Xi, . . . , x"), and Riemannian metric ds^ = Sij (x)dXidXj (v/e adopt the physicists' convention of summation over repeated indices). If a curve C on M is given in local coordinates by x(t), 0 rs t < \, then the length of the curve is given by the integral
-{('"•'"ff dt
Just as a line in Euclidean space can be considered as the shortest path between two points, on a Riemannian manifold the minimum length curve joining two points can be regarded as the analog of the straight line.
and is a minimal geodesic if it minimizes E. Observe that the integrands of E and L differ by a square: the length L is invariant with respect to reparametrizations of Q, whereas E clearly depends on the parametrization. Interestingly, the curves minimizing E also minimize L, and moreover are parametrized with respect to arc-length. In local coordinates the geodesies satisfy the system of differential equations dlx> dt dt dt
and (g'') = fe/)"'. The Tjn are known as the Christoffel symbols of the second kind. Local existence and uniqueness of solutions for the Euler-Lagrange equations of geodesies can be shown for a given set of initial conditions (see, e.g., Gallot et al., 1990) . This result implies that any two points which are "close enough" to each other are joined by a unique minimal length geodesic. This property is generally not global; for example, the geodesies on the two-sphere S^ are given by the great circles, and any two antipodal points will have any number of minimal geodesies. If any geodesic on M can be extended to a geodesic defined on all of (R, then the manifold is said to be geodesically complete. A theorem of Hopf-Rinow asserts that if a manifold is geodesically complete, then any two points of Mean be joined by a minimal geodesic; note that the theorem does not claim that this geodesic is unique. For the purposes of this paper we shall only consider geodesically complete manifolds. The interested reader is referred to Gallot et al. (1990) for the technical requirements of such manifolds.
Having It is clear that constructing Bdzier curves on Riemannian manifolds by this algorithm is computationally more involved than for the Euclidean case: computing the geodesic between any two points involves the solution of the nonUnear differential equation (1), a two-point boundary value problem (and therefore more difficult than integrating a differential equation with only initial conditions). Even if we assume that the geodesies forming the control polygon have been precomputed and stored in a table, for each instant t the geodesic equations still need to be solved (n -l)(n -2)/2 times. Clearly this presents difficulties for interactive design applications.
One method of obtaining approximate Bezier curves in realtime is to compute only a discrete set of points on the curve, and to interpolate between these points using local coordinates. Specifically, the B6zier curve p'^(t) can be sampled N times at uniformly-spaced intervals of t using the algorithm given above. Labelling these points P(i), i = I, . . . , N, one can then obtain smooth interpolants between adjacent points P(i -1) and P{i) in terms of local coordinates. While any convenient interpolating spline can be chosen, care must be taken to ensure continuity of the proper order at the knot points. The obvious drawback of this approach, of course, is that the resulting curve depends on the choice of local coordinates. Nevertheless, it is a practical means of designing curves on Riemannian manifolds in real-time that are nearly coordinate-invariant.
Bdzier Curves on Lie Groups
3.1 Lie Groups. We now specialize to a special class of Riemannian manifold, the matrix Lie groups. A Lie group' G is a differentiable manifold and an algebraic group whose operation (x, y)~'xy '' is smooth. Some well-known examples of Lie groups include Gl(n), the general linear group of K X « 'For a comprehensive account of applications of Lie groups in Icinematics the reader is referred to Karger and Novak (1985) . real nonsingular matrices, and Sl(n), the special linear group of « X n real nonsingular matrices of unit determinant.
Let/) be a point on a matrix Lie group G, and X{t) & smooth curve on G defined over some open interval of 0 such that ^(0) = p. The derivative ^(0) is said to be a tangent vector to G at p; the set of all tangent vectors at p, denoted TpG, forms a vector space, called the tangent space to G at p. The tangent space at the identity p = / is given a special name, called the Lie algebra of G, and denoted by a lower-case g. On a matrix Lie group the Lie algebra is also given by matrices. For example, the Lie algebra of SO(3), denoted so (3), is the set of 3 X 3 real skew-symmetric matrices (see, e.g., Belinfante and Kolman, 1972) .
More Defined on each Lie algebra is the exponential mapping into the corresponding Lie group. On matrix groups the exponential mapping corresponds to the usual matrix exponential, i.e., if A ^ g, then exp ^ = / + ^4 + A^/2l + ... is an element of G. Observe that e^', t e (R, itself forms a group, in this case a subgroup of the Lie group. Such groups are called oneparameter subgroups of a Lie group, and play a special role in the description of minimal-length paths on Lie groups as we show below. Before lengths of paths can be defined we first need to examine Riemannian metrics on Lie groups.
If ^•(O is a differentiable curve on G as before, then X € TpG. One can exploit the group structure of G to represent X as an element of the Lie algebra as follows. Let g, h ^G, and define the left and right translation maps L/,-i: G-G, R),-^: G-GhyLH-\(g) = h'^g and Rf,-1(g) = g/i"', respectively. It follows that their derivatives dL,,-i and dRi,-i are mappings from Tf,-i G to Tfi = g. By applying these two maps to X it can be seen that X'' X and XX~' are elements of g. Any tangent vector can therefore be identified with an element of g by either left or right translation. Since g is a vector space, any inner product on g will define a Riemannian metric for G.
Let Q be a quadratic form on g, and ^(0 a curve on G. Then X € 7>G, and X' ^X A v^ and XX'' A VR are elements of g. Observe that VR and VL are related by VR = XVLX~^ 4 AdA^Vi). Q defines an inner product on g, which in turn defines two classes of Riemannian metric on G:
<^. ^>L ^ \ VlQV^ <t X)R A ^ VIQVR <•,•>/, and < •, • >R are the left-and right-invariant Riemannian metrics on G defined by Q. If <-,->i = <•,•>« the metric is said to be bi-invariant. Any Lie group admits a left-or rightinvariant metric from the construction above, but not all Lie groups admit a bi-invariant metric. One well-known condition in which a bi-invariant metric is always guaranteed to exist is if the Lie group is compact. In this case the geodesies of G (with respect to the bi-invariant metric) are the one-parameter subgroups of G and its translates, i.e., if ^4 € g and / 6 (R, then e^' is a geodesic as is He^' and e^' H for any // e G.
On compact G it is known that any g € G lies on a oneparameter subgroup. Hence, given any two points in G there always exists a geodesic (with respect to the bi-invariant metric) connecting them. To find the minimal geodesic we must consider the inverse of the exponential map exp: g-'G. If G is compact then it is well-known that exp is onto, but typically its inverse map will be multiple-valued. We therefore define log: G->g by log(^)=a such that a^Qa is minimal among all possible a € g satisfying exp(fl) = A. The minimal geodesic between A and B is then given by X(t) = A exp(flO. 0 < ? < 1, where fi = log(^~' B). Moreover, if ^4 and B are left-translated by some constant C to CA and CB, then the minimal geodesic is given by CX( t). Similarly, the minimal geodesic between A C and BC isX(t)C. These properties follow from the bi-invariance of the Riemannian metric, and can be verified by an elementary calculation.
The De Casteljau Algorithm on Compact Lie
Groups. Having established that the geodesies on compact Lie groups (with respect to the bi-invariant Riemannian metric) are the one-parameter subgroups and its translates, we now describe the algorithm for generating Bezier curves on such spaces. Let G be the Lie group with Lie algebra g, exp: g-G the exponential map, and log: G-g the inverse map that provides the minimal norm value as described above. Let {po, P\, . . . , p"] be the ordered set of points in G that form the control polygon. The Bezier curve is now defined recursively as before:
"'/'f"'(0),P?(0=A Jtjf(0 =pf-i (Oexp(Mog[(pf_-,')(01 and the Bezier curve is given by
We now restrict our attention to the rotation group S0(3) in the next section.
Kinematics Application: Bezier Curves on SO(3)
The rotation group SO(3), consisting of the 3x3 real orthogonal matrices with unit determinant, forms a Lie group, with its Lie algebra so The following explicit formulas for the exponential and logarithm mappings on SO(3) and so (3) In terms of the bi-invariant metric the geodesies on SO(3) are given by the translates of the one-parameter subgroups e^', A € so(3) and ? e (R. The minimal geodesic between two elements 01, 02 € S0(3) is given by the curve 0(O = e,e"i2', 0<t<l where Q12 = log(0r' ©2), or, equivalently, 0(O=e"2i'0i, 0<?<1 where fi2i = log(020r').
With this simple characterization of the minimal geodesies, Bezier curves can now be constructed in a straightforward manner on SO(3). For example, with 3 control points 0o, 0i, and 02, the Bezier curve is given by 0(0 = 0oe"oi'eao8(e-"oi'eo 'ei."i2')), for 0 < / :S 1, where Uo\ = log(0o'" '9i) and fii2 e?
iog(0r'02). The general case with n control points is as follows. Let 0o, , 0^ be the ordered set of control points, and define 0?(/)=0r'(Oe' ,(iog((e« ')-'e *-K> where k ranges from I to n, and / from Oton -k. The Bezier curve is then given by 0°(t).
Remark 4
The above construction can also be applied to design Bezier curves in SE (3), where the one-parameter subgroups e^' are now the screw motions. It is well-known.
Fig. 3 A continuous motion interpolating tlie controi configurations
however, that SE(3) does not admit a bi-invariant Riemannian metric (see, e.g., Duffy, 1990) , and that the one-parameter subgroups on SE (3) (3), the corresponding Bezier curve can be constructed by combining the appropriate B6zier curves in (R^ and SO (3) . From a physical viewpoint this is more appealing, since there is nothing natural about the screw motions from the point of view of dynamics. In fact, in the absence of external forces one would expect the motion of the center of mass of a rigid body to be Unear, while the orientation is governed by Euler's equations.
Example.
The Cartesian space trajectory of a robot is to be designed such that it interpolates between the two end configurations of the end-effector shown in Fig. 2 . Four control configurations are used (as shown in Fig. 2 ) and the trajectory of the end-effector is generated using the Bfeier curves in (R^ and S0(3) as discussed above. The resulting motion or trajectory of the end-effector is shown in Fig. 3 .
Conclusion
By generalizing the notion of straight lines to curved spaces, Bezier curves can be defined on Riemannian manifolds by a suitable generalization of De Casteljau's algorithm. In the case when the Riemannian manifold is a compact Lie group appealing formulas exist for the minimal geodesies, which are given by matrix exponentials. The algorithm has been illustrated for the particular case of S0(3), with expUcit formulas given for the matrix exponential and logarithm. The resulting orientation trajectories are invariant with respect to the choice of inertial or body-fixed reference frames for the rigid body. These results have direct applications to kinematics and animation of rigid body motions, as well as to any problem in which the physical aspects are described by a Lie group.
